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STRESS FUNCTIONS FOR A COSSERAT CONTINUUM

R. D. MINDLIN

Department of Civil Engineering. Columbia University. New York. N.Y.

Abstract-In this paper, a complete solution, in terms of stress functions analogous to the Papkovitch functions
of classical elasticity, is obtained for the linear equations of an isotropic, elastic, Cosserat continuum. The
special solutions for the concentrated force and couple are also given.

EQUATIONS OF A COSSERAT CONTINUUM

AT EACH point of a Cosserat continuum [1] there is a micro-structure which can rotate
with respect to the surrounding medium. In the linear, elastic case, the potential energy
density may be expressed as a quadratic function of the classical small strain, the difference
between the classical small rotation and the rotation of the micro-structure, and the
gradient of the rotation of the micro-structure. Thus, employing the notations

oA
Aj'i ==~, i = 1,2,3,

uX i

A[ ..] == -2
1 (A .. -A ..) = -A["J},l },I I,) l.) ,

B[ij] == t(Bij-Bji ) = -B[ji]'

we may write, for the potential energy-density,

W = W(Cij, Y[ijJ, Ki[jkJ)'

where

Cij == t(Uj,i+Ui) = Cji,

Y[ijJ == U[j.i]- t/J[ij] = - Y[ji]'

Ki[jkJ == t/J[jk],i = - Ki[kjJ'

(1)

(2a)

(2b)

(2c)

in which the Ui are the components of displacement and the t/J[ijJ are the components of
rotation of the micro-structure.

We adopt the definitions

oW
a[ij] == -- = -a[ji]'

CY[ij]
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(3a)

(3b)
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(3c)

Here tij is the classical (Cauchy) stress and /liUkj is the Cosserat couple-stress. The Cosserats
considered l1[ijj to be the antisymmetric part of an asymmetric tensor whose symmetric
part is the Cauchy stress. However, if the Cosserat theory is extended [2] to include strain
of the micro-structure, as well as rotation, l1[ijj appears naturally as the antisymmetric
part of another tensor. This distinction is retained here.

The variation of W is

(;W = Tij(;eij+I1£iJPJi[ij)+/li[ikj(;KiUkj '

= [(Tij + l1[ijj)(;UJ.i - (Tij + l1[ijj),i(;Uj -11[ijj(;l/J[ijj + (/li[jkj(;l/JUkj),i - /li[jkj,i(;l/JUkj

and, with the divergence theorem,

(4)

to the surface S of a

Iv (;W d V = Is n;[(tij + l1[ijj)(;Uj + /li[jkj(;l/JUkj] dS

-Iv[(Tij + l1[ijj)(;Uj + (/liUkj.i + I1Ukj)(;l/J jk] d V,

components of the unit outward normalwhere the ni are the
volume V.

A principle of virtual work is expressed by

Iv (;W d V = L(tj(;Uj+ TUkj(;l/Jukj) dS + Iv(fj(;Uj + <1>UkjOl/JUkj) d V, (5)

where tj is the surface traction, TUkj is the surface couple, fj is the body force and <1>[jkj
is the body couple.

Upon equating coefficients of like independent variations, ~Ui and Ol/JUkj' in the surface
and volume integrals in (4) and (5), we arrive at the Cosserat stress-equations of
equilibrium [1]

and the boundary conditions

(rij+l1[ijj),i+Jj = 0,

/li[jkj,i+l1[jkj+<1>[jkj = 0,

tj = n;(r ij + l1[ijj),

T[jkj = ni/li[jkj'

(6a)

(6b)

(7a)

(7b)

We shall consider only isotropic materials without initial stress. Then the potential
energy-density must be a linear function of such product pairs of Eij, Y[iJl and Ki[jkj as
are scalars. There are two such for Eij (Eiiejj and eijEij), one for Y[;Jl (Y[ijjY[ij]) and three for
Ki[jkj (Ki[ikjKj[kjj, KiUkjKi[jkj and KiUkjKj[kij) and no others. Hence*

W = tABijEjj+ /lBijEij+ {3Y[ijjY[ijj + IXt Ki[ikjKj[kjj +IX2Ki[jkjKi[ikJ + IX 3Ki[jkjKj[kij' (8)

*The relations between the constants p and iX, in (8) and those in [2] are

P !<b2 -b3 ), iX2=!{a1o-a!3l,

iXl a2-"!a3-"!aS'

iX3 = all -"!a14 -"!a1S'
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(9a)

(9b)

(9c)

The forty-two equations (2), (6) and (9) constitute one form of the equations of the
linear theory of equilibrium of an isotropic, elastic, Cosserat continuum. As noted pre
viously, these equations have been amplified, in another paper [2], to include a homo
geneous strain of the micro-structure. In [2], the complete deformation of the micro
structure is represented by an asymmetric tensor !/Jij' To reduce to the Cosserat continuum,
it is only necessary to set the symmetric part of!/Jij equal to zero.

Passage to a limit, as {3 -+ 00, Y[ijl -+ 0, reduces the Cosserat continuum to one
without micro-structure but with its potential energy-density dependent on strain and
gradient of rotation. The resulting equations are those considered in [3].

Upon substituting (2) in (9) and the result in (6), we find the foIIowing equations
on Ui and !/J[ijl:

(A+J1-{3)Uj,ji+(J1+{3)ui,jj-2{3!/J[jil,j+}; = 0, (lOa)

(a l +(3)(!/J[kil,kj+ !/JUkl,ki) +2a2!/J[ijI,kk- 2{3!/J[ijI+ {3(Uj,i- Ui,)+<I>[ij1 = O. (lOb)

STRESS FUNCTIONS

For the purpose of this section, it is convenient to express (10) in an invariant form.
Let u and f be the vectors with components Ui and};; let \jIA, (J>A and I be the dyadics
with components !/J[ijl' <I>[ijl and bij; and write (J>A = -tl x c, i.e. in terms of a body
couple vector c. Then (10) become

(A + J1- {3)VV . u + {J1 + {3)V2u - 2{3V . \jIA + f = 0, (lla)

(a l +(3)(V, \jIAV + V\jIA. V)+2a2V2\j1A -2{3\j1A +{3(Vu-uV)-tl xc = O. (lib)

A proof will now be given that any solution (u, \jIA) of (11), in a region V bounded
by a surface S, can be expressed as

u = V x K+(1-I~V2)(B-liVV . B)--!(k l -1~V2)V[r' (1-liV2)B+ Bo], (12a)

\jIA = -!Ix[V2V(r'K+Ko)+2VxB], (12b)
where

J1(1-liV2)V2B = -f-t(1 + J1/{3)V x c,

J1V 2B 0 = r' [f+ -!( 1+ J1/{3)V xc],

2{3V2K = c,

2{3(I-I~V2)V2Ko = 41~V' c-r' (1-I~V2)c,

k l = (I. +J1)/(i.+2J1),

Ii = (J1+{3)(2a2- cx l- a3)/2J1{3,

(13a)

(13b)

(13c)

(13d)
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and r is the position vector.

Consider a field point Pix, y, z) and a source point Q(~, 1], 0 and define

4rrVp == - Irt-tDQdVQ'

where dVQ = d¢ dl] d( and rt is the distance between P and Q.
Then V2V = D, or

D = VV . V - V x V x V.

Define

(14)

<P == V 'V, H == -VxV, (V·H = 0).

Substitution of these in (14) produces Helmholtz's resolution:

D = V<p+V xH, V'U =0. (15)

Similarly [4] a scalar function X and a vector function G can be defined in terms
of WA in such a way that

V·G = o. (16)

The substitution of (15) and (16) into (11) converts the latter to*

V2W+2~)V<p+V x [(~+ f1)H- fiG]) +f = 0,

B(I-1~V2)VX+f3V2[U-(1-1~V2)G]-1c = o.
From (17b),

fiV 2V X H = {j(1-1~V2)V2V X G+W xc.

Vpon substituting this expression for V2V x H into (17a), we find

~V2[kV<p+(1-nV2)VxG] = -f-1{1+~/fi)Vxc,

where k = (),+2~)/~.

Now define

(17a)

(17b)

(18)

Then

4rrliB~== trite rtl't[kV<p+(1-1iV2)VxG]QdVQ'

(1- nV 2 )B' = kV<p+(1-1iv2)v x G (19)

and, from (18) and (19),

Also, from (19),

Define

* Note that (17) are what (27) of Ref. [4] reduce to when \jI = \jIA

(20)

(21)

(22)
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Then, using (20) and (21), we find

2kpV2lp* = 2kpV2lp - r' [f+iO +p/P)V x c).

With the definition Bo == 2k(lp-lp*), we have, from (23) and (22),

pV2 Bo = r' [f+!-<1 + ;U/f3)v xc],

2klp = r·(1-liV2)B'+Bo.

Define

269

(23)

(24)

(25)

D == B'-liVV·B'-kVlp.

By (21), V' D = O. Hence there exists a function G* such that V x G* = D, or

VxG* = B'-liVV·B'-kVlp; (26)

whence, by (21) and (19),

(1- JiV2)V x G* = (1- /iv2)V X G*.

With the definition B" == V x G- V x G*, we have

(1-liV2)B" = 0, V' B" = 0

and, from (26) and (25),

V x G = B" +B' -livv· B' -iV[r' (1-1iV2)B' +Bol

Define B == B' + B". Then, in view of (27), (28) may be written as

VxG = B-JiVV·B-iV[r·(1-1iV2)B+Bo],

while (20) becomes

and (25) becomes

(27)

(28)

(29)

(30)

2klp = r' (1-/iV2)B+Bo. (31)

From (29), VxVxG = VxB; but VxVxG = VV'G-V2G and, by (16), V'G = O.
Hence

(32)

Now define

so that

Substitution of (33) into (17b) yields

f3V2[(1-I~V2)VX* +H-(1-I~V2)G]-ic = o.
Define

(33)

(34)
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Then

Define
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2f3V2K = C,

V- K = (1-/~V2)V2X*,

VxK = VxH-(I-/5V2)VxG.

x** = ir- K

(35)

(36)

(37)

(38)

and find, using (35) and (36),

4f3(l-/~V2)V2(X** - x*) = - 4/~V -c+ r - (1 -/~V2)C.

Thus, with the definition

K o == 2(X* - x**),

we have, from (39),

2f3(I-/~V2)V2Ko = 4/~V - c-r - (1-/~V2)c.

Finally, from (33), (40) and (38),

(39)

(40)

(41)

(42)

The expression (12a) for u is given by (15) with <p expressed in terms of Band Bo
by (31), V x H expressed in terms of K and V x G by (37) and V x G expressed in terms
of Band Bo by (29). The expression (12b) for +A is given by (16) with X expressed in terms
of K and Ko by (42) and V2G expressed in terms of V x B by (32). Equations (13) are,
respectively, (30), (24), (35) and (41). These equations are elliptic because positive definite
ness of the potential energy-density (8) requires

p. > 0, f3 > 0, 1J(2 > 0,

and, hence, It and I~ are positive.

CONCENTRATED FORCE AND COUPLE

For the problem of a concentrated force in an infinite region, c = 0 and we may
take K = 0, Ko = O. Then of the four equations (13), there remain only the following
on Band Bo:

p.(1 - /tV2)V2B = - f,

p.V2 Bo = r - f.

These are the same as the equations encountered in [3] except for the replacement of 11
by another constant. Hence, the solution for a concentrated force P at the origin in an
infinite region has the same form as that found in [3J, namely:

B=4
P

(l-e-r/I ,), Bo=O.nw
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Bo = 0,

If body couples are present, but body forces are absent, the equations (13) on the
stress functions are

2p(I-1iV2)V2B = -(1 +plf3)V x c,

2pV2Bo = (1 + plf3)r' V x c,

2f3V2K = c,

2f3(1-1~V2)V2Ko = 41~V' c-r .(1-1~V2)c.

These have the same forms as equations encountered in the body couple problem con
sidered in [3] and the body force problem considered in [2]. The same methods of
integration employed in those papers may be used here for the case of a concentrated
couple C at the origin of an infinite region. After noting that, in [2], the right hand side
of (48) should be multiplied by 1/2, we find:

B= _P+f3cxv(~_exP(-rlld)
8npf3 r r '

K=-~
8nf3r'

K
o

= - l~ C. V(~_exp( - rI12 )\

4nf3 r r)
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Zusammenfassung-In diesem Beitrag werden die Linearg1eichungen eines isotropen, elastischen Cosserat
Kontinuums vollstandig gelost, und zwar werden diese in Spannungsfunktionen. welche den Papkovitsch
Funktionen der klassischen Elastizitatstheorie analog sind, ausgedriickt. Speziallosungen flir eine konzentrierte
Kraft und ein Kraftepaar werden ebenfalls angegeben.

AficTpaKT-B HacTolilUeD: 6yMare BbIBO)J;HTCli nOJlHoe peweHHe, B TepMHHax cPYHKUHD: HanplilKeHHlI,
aHaJJorH'IHblX cPYHKUKliM TIanKoBK'Ia KnaCCH'IecKoD: ynpyrocTH, )J;J111 nHHeD:HbIx ypaBHeHHD: H30TponHoro
ynpyroro KOHTKHyyMa Koccepa •

.D:aIOTcli TaKlKe cneUHaJJbHble peweHHlI)J;JIli COCpe)J;oTO'leHHOrO YCHJlHlI H )J;JIli napbI cKn.


